Let H be a subgroup of a group G.
m with 1 < p m < |P | such that every subgroup of P of order p m not having p-nilpotent supplement in G is
Π-normal in G, then G is p-nilpotent if one of the following conditions holds:
(i) m ≥ 2;
(ii) P is abelian or p > 2 is an odd prime;
(iii) every cyclic subgroup of P of order 4 not having p-nilpotent supplement in G is Π-normal in G;
(iv) N is soluble and P is quaternion-free.
Preliminaries
In this section, we list some lemmas which should be used in the proofs of our main results, and introduce some notions and terminologies. For notations and terminologies not given, the reader is referred to the texts of W. Guo [7] or B. Huppert [10] Lemma 2.1 ([12, Proposition 2.1]) Let H be a subgroup of G and N a normal subgroup of G.
(1) If H has Π-property in G, then HN/N has Π-property in G/N .
(2) If H has Π-property in G, then H is both Π-normal and Π-supplemented in G. 
Lemma 2.2 Let p be a prime and N a normal subgroup of G with a p-nilpotent quotient. Assume that P
is a Sylow p-subgroup of N and NG(P ) = CG(P ). Then G is p-nilpotent.
Assume that Q is not normal in G. Then T = NG(Q). Let P1 be a maximal subgroup of P containing P ∩ T . Since R(P ∩ T ) = P ∩ RT = P , P1 = P1 ∩ R(P ∩ T ) = (R ∩ P1)(P ∩ T ) and R ∩ P1 < R. If |R| = p, then R ∩ P1 = 1 and hence P1 ∩ L = 1. Thus P1 has a p-nilpotent supplement U in G. Since G is p-soluble,
we can assume that Q ⊆ U and hence U ⊆ NG(Q) = T . It follows that G = P1U = P1T = (R ∩ P1)T . So |G| = |(R ∩ P1)T | ≤ |(R ∩ P1)||T | < |R||T | = |G|, a contradiction. Assume that R is of order p. Since R is the only minimal normal subgroup of G and R Φ(G), R = CG(R). Thus G/R = G/CG(R) is isomorphic to some subgroup of Aut(R) which is a group of order p − 1. So G/R is a p ′ -group and R = P . But this implies that G = NG(P ) is p-nilpotent and the lemma holds.
Lemma 2.7 Let L be a normal subgroup of G with G/L is a 2-group. Suppose P is a Sylow 2-subgroup of
If every maximal subgroup P1 of P is either has a 2-nilpotent supplement in G or satisfies P1 ∩ L = 1,
Proof If P ∩ L is of order 2 then L is of order 2n, where n is an odd number, and hence is 2-nilpotent.
Let R be the normal Hall 2 ′ -subgroup of L. Then G/R is a 2-group and hence G is 2-nilpotent. Assume
Thus P1 ∩ L = 1. It follows that every maximal subgroup of P has a 2-nilpotent supplement in G. Let P1 be a maximal subgroup of P and T1 be a 2-nilpotent supplement of P1 in G with maximal order. Let Q be the Hall 2 ′ -subgroup of T1. Then Q is also a Hall 2 ′ -subgroup of G and Q T1. Thus NG(Q) is 2-nilpotent and T1 ⊆ NG(Q). The maximality of T1 shows that T1 = NG(Q). If P ∩ T1 = P then G = T1 is 2-nilpotent. Assume that P ∩ T1 < P and let P2 be a maximal subgroup of P with P ∩ T1 ≤ P2. Then P2 has a 2-nilpotent supplement T2 in G. Clearly, T2 contains a Hall 2
contains some conjugate of Q and without loss of generality, we can assume Q ≤ T2. It follows that Q is also the normal Hall 2 ′ -subgroup of T2 and so T2 ⊆ NG(Q) = T1. Thus G = P2T2 = P2T1 = P2Q < P Q = G, a contradiction and the lemma holds. 
Proof Let R be the Ap−1-residual of N , where Ap−1 is the class of all abelian group of exponent dividing
Hence if the lemma is not true then the set Γ = {L ≤ P | L G, L Z∞(R)} is non-empty. Choose L to be an element in the set of minimal order and let L/K be a chief factor of G. Then K ⊆ Z∞(R) and L/K is not central
is abelian of exponent dividing p − 1 and it follows that CG(L/K) ⊆ R. This implies that L ⊆ Z∞(R),
Then by [7, Lemma 1.7 .11], we see that every R-chief factor between L and
Let a, b be elements of order p in L. Suppose p > 2 or P is abelian. Then (ab)
Hence the product of elements of order p is of order p or 1 and so Ω = {a ∈ L | a p = 1} is a subgroup of L. If Ω ⊆ K, then all elements of C with p ′ -order act trivially on every element of L of order p since they act trivially on K. It follows from [10, IV, Satz 5.12] that all elements in C of p ′ -order act trivially on L.
Since a is of order p, by the hypotheses, H is Π-normal in G and so there is a subnormal subgroup T of G such that
shows that Γ is empty and the lemma holds.
Lemma 2.9 Let p be an odd prime and P a Sylow p-subgroup of G. Assume that NG(P ) is p-nilpotent.
If any minimal subgroup of
is p-nilpotent, the hypotheses hold on M and M is p-nilpotent by induction on |G|. Hence, as argument in Lemma 2.6, we have that G is p-soluble and O p ′ (G) = 1.
By [12, Proposition 2.3] , if a subgroup is contained in the hypercentral of G then it has Π-property in
Proof of Theorem A Assume that the theorem is not true and let G be a counter example of minimal order. We divide the proof into several steps.
hence is Π-normal in G by the hypotheses. Therefore, by Lemma 2.1, we see that
H is Π-normal in G. It follows from Lemma 2.5 that L is an abelian p-group. Assume that any such subgroup H has a p-nilpotent supplement in G then so does in LP . Let P1 be any maximal subgroup of P with P1 ∩ L = 1. Then P1 must contain some subgroup H of order p m and H ∩ L = 1 and so P1 has a supplement p-nilpotent in LP . Applying Lemma 2.6, we see that LP is p-nilpotent and so is L. Since (2) holds.
In the following, L is always a minimal normal subgroup of G contained in N .
This is nonsense by the choice
Thus L ⊆ T and so G = LT = T is p-nilpotent. This is contrary to the choice of G. Therefore, |L| ≤ p m .
Assume that |L| = p m then |L| < p m . Let |L| = p l . By a same argument as in (1), we can obtain that every subgroup of order p m−l of P/L having no p-nilpotent supplement in G is Π-normal in G and, 
by (1) and so G is a p-group, a contradiction. Thus, M = NG(Q) by the maximality of M . The p-
This contradiction shows that (3) is true.
Since, by (3), |L| = p m , we need only to prove that L is of order p. Assume that L is noncyclic. We
is Π-normal in G. Choose T to be a subnormal subgroup of G with G = HT and H ∩ T ≤ I, where I is a subgroup of H having Π-property in G.
If P/L is noncyclic, then the hypotheses hold on G/L. Thereby, G/L is p-nilpotent by the choice of G.
Now, by a similar argument as in (3), one can prove that G is p-nilpotent. This contradicts to the choice of G and hence L is cyclic of order p. (5) 
. By Lemma 2.3, N is supersoluble. Again by O p ′ (N ) = 1, we have that P is normal in N and hence is normal in G for P is the Sylow p-subgroup of N . It follows that G = NG(P ) is p-nilpotent. 
by the hypotheses and (4). Let T be any subnormal supplement of 
above, every minimal subgroup of order p of P ∩ O p (X) either is contained in Z∞(X) or has a p-nilpotent supplement in X and therefore, X = QP is p-nilpotent by Lemma 2.9, so Q is p-soluble, a contradiction. This is the finial contradiction and the theorem holds. (2) If p = 2 and every cyclic subgroup of order 2 or 4(when P is nonabelian) of P having no p-nilpotent
. and hence G is p-supersoluble since G/N is. But since (|G|, p − 1) = 1, that G is p-supersoluble implies that it is p-nilpotent. Assume that It follows that B acts trivially on A, a contradiction. Thus F * (N ) = F (N ) and (2) holds.
Let H be a cyclic subgroup of order 4. Then, since p = m = 2, H has a p-nilpotent supplement in G or is Π-normal in G. Now let A = a be a subgroup of P of order 2. Then LA is of order 4 and hence either has a p-nilpotent supplement in G or is Π-normal in G. Assume LA has a p-nilpotent supplement T in G.
(G). It follows that LT is still p-nilpotent and we can assume that T = LT
and so G = AT . Thereby |G : T | = |AT : T | ≤ 2. This means that T is normal in G and the normal Hall
Assume that LA is Π-normal in G. Then there is a subnormal subgroup T of G with LA ∩ T ≤ I ≤ LA and I has Π-property in G. We claim that A is Π-normal in G. Assume that I = LA and then T = G. Let U/V be any G-chief factor. If LAV ≤ U then LV /V ≤ U/V . Since LV G and U/V is a G-chief factor, By (2), we see that G/L is p-nilpotent and so is G since |L| = p = 2. Hence (3) holds.
If |L| > p m then L has a proper subgroup H of order p m with H Gp, where Gp is some Sylow p-subgroup containing P . Since L is minimal normal in G and H < L, G is the only supplement of H in
Then by Lemma 2.4 H = H ∩ L = L or 1. This is nonsense and so we can assume that |L| ≤ p m .
Suppose |L| < p m . We claim that the hypotheses still hold on G/L. Let |L| = p l . For any subgroup H/L of order p m−l of P , H is a subgroup of order p m of P . Thus H is Π-normal in G if it has no p- where I has Π-property in G.
is a chief factor of G and hence is cyclic. This is contrary to l > 1. So L ⊆ T and
Thus condition (iii) holds on G/L. So, in any case, hypotheses still hold on G/L and our claim is true.
Assume that L is noncyclic. Then L has a maximal subgroup L1 with L1 = 1 and L1 Gp, where Gp
by Lemma 2.4. This is nonsense and so
H has a p-nilpotent supplement in G. Let T be a p-nilpotent supplement of H in G and Q1 is the Hall p ′ -subgroup of T . If p > 2 then G is of odd order by (|G|, p − 1) = 1 and is soluble. Thus Q is conjugate with Q1. If p = 2 then by [6, Theorem A], Q is conjugate with Q1. Since any conjugate of T is also a p-nilpotent supplement of H in G, we can assume Q ⊆ T . It follows that T ⊆ NG(Q) = M and so G = HT = HM = L1M < LM = G. This is nonsense and so (4) holds.
Assume that |L| > p and let X/L be a minimal subgroup of P/L. Then X = L x for some x ∈ X.
there is a subnormal subgroup T of G with HT = G and H ∩ T ≤ I ≤ H, where I has Π-property in G.
is a chief factor of G and hence is cyclic. This is contrary 
and L is noncyclic, by a similar argument as in (4), we can obtain a contradiction and hence (5) holds.
It directly from (4) and (5).
By (6), we can assume that m = 1. If p = 2 and P is abelian, then it is directly from (2) 4 Some Remarks, Examples and Corollaries 1. In Theorem A, if the hypothesis "NG(P ) is p-nilpotent" is deleted, we can prove similarly that G is p-supersoluble when G is p-soluble. But in this case, "G is p-soluble" must be requested. Otherwise, we have the following example. 
Proof Let P1 be a maximal subgroup of P and assume |P1| = p m . If P is not of order p, then 1 < p m < |P |.
Since all maximal subgroups of P are of same order, the hypotheses of Theorem A hold. Thus G is pnilpotent. If |P | = p, then P ⊆ CG(P ). It follows from NG(P ) is p-nilpotent that NG(P ) = CG(P 
Proof Let P1 be a 2-maximal subgroup of P and assume |P1| = p m . 
3. Corollaries of Theorem B. The following lemma shows that if p is minimal and is odd, then the hypothesis "(|G|, p 2 − 1) = 1" can be delete, and when p = 2, this hypothesis can be replaced by G is A4-free. Then G is p-nilpotent.
